
Summer term 2018
Real and harmonic analysis
Exercise sheet 7

University of Bonn
Dr. Pavel Zorin-Kranich

Dr. Olli Saari

Submit the solutions in groups of two at the lecture on Tuesday, 2018-06-05

Exercise 1. Let 1 < p <∞. Let ϕ ∈ S(Rd) be a Schwartz function with
∫
ϕ = 0 and let ϕt(x) = t−dϕ(t−1x).

(a) Using the estimate for the intrinsic square function from the lecture as a black box prove that for all
f ∈ Lp(Rd) we have ∥∥∥(∑

j∈Z
|φ2j ∗ f |2

)1/2∥∥∥
p
. ‖f‖p, (1)

where the implicit constant is independent of f . Hint: decompose ϕ into pieces supported on annuli.

(b) Using (1) as a black box deduce also the continuous version∥∥∥(∫ ∞
0

|ϕt ∗ f |2
dt

t

)1/2∥∥∥
p
. ‖f‖p.

Exercise 2. Let 1 < p < ∞. Let ψ ∈ S(Rd) be a Schwartz function such that ψ̂ is supported on the annulus
{2j−1 ≤ |ξ| ≤ 2j+1} and ∑

j∈Z
ψ̂(2jξ) = 1 for every ξ ∈ Rd \ {0}.

(a) Show that for every f ∈ Lp(Rd) we have

f =
∑
j∈Z

ψ2j ∗ f = lim
J→∞

∑
|j|≤J

ψ2j ∗ f (2)

with convergence in Lp(Rd).

(b) Show that

‖f‖p .
∥∥∥(∑

j∈Z
|ψ2j ∗ f |2

)1/2∥∥∥
p

for every f ∈ Lp(Rd) with an implicit constant that does not depend on f . Hint: use duality and Exercise
1a with an appropriately chosen function φ.

(c) Show that the series (2) converges unconditionally for every f ∈ Lp(Rd).
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